In this paper, we explore the possibility of achieving interference alignment with delayed CSIT when the transmitters are distributed. Our main contribution is an interference alignment scheme, called retrospective interference alignment, that is specialized to settings with distributed transmitters. With this scheme we show that the interference channel with 3 users with only delayed channel state information at the transmitters can achieve 9/8 DoF, while the the 2 user X channel is able to achieve 8/7 DoF. We also consider another setting where delayed channel output feedback is available to transmitters. In this setting the 3 user interference channel and the 2 user X channel are shown to achieve 6/5 and 4/3 DoF, respectively.
I. INTRODUCTION
There is much interest in studying the degrees of freedom (DoF) -and thereby exploring the potential for interference alignment -in wireless networks in the absence of instantaneous channel state information at the transmitters (CSIT) [1] , [2] , [3] , [4] , [5] , [6] , [7] , [8] , [9] , [10] . On the one hand, there are pessmistic results that include [1] , [2] , [3] , [7] where the DoF are found to collapse due to the inability of the transmitters to resolve spatial dimensions. On the other hand, there are more recent optimistic results [4] , [5] , [6] , [8] , [9] , [10] where the feasibility of interference alignment is demonstrated under various models of channel uncertainty at the transmitter(s). Closely related to this work are the papers on blind interference alignment [8] , [9] and especially the recent work on interference alignment with delayed CSIT [10] .
Reference [8] assumes block fading channels where the coherence blocks are staggered due to difference in coherence times between users. The channels stay constant within a coherence block and are assumed to change instantly across coherence block boundaries. The transmitter(s) have no knowledge of instantaneous channel coefficient values but are assumed to be aware of the coherence block structure of all users. The surprising finding of [8] is the feasibility of alignment based on just the knowledge of the differences in the channel coherence structure across users. [9] applies the same principles under a different model where some of the nodes are equipped with reconfigurable antennas capable of switching their own channel states at predetermined time instants, thus allowing further flexibility in determining the channel coherence structure. With this added flexibility [9] shows that X networks, even with no knowledge of channel The work of Hamed Maleki and Syed Jafar was supported by NSF under grant CCF-0830809 and by ONR YIP under grant N00014-08-10872. The work of Shlomo Shamai was supported by the Israel Science Foundation. coefficient values, do not lose DoF relative to the perfect CSIT setting. The key insight from these blind alignment schemes was that the commonly used i.i.d. fading model is not sufficient for studying the capacity limits of wireless networks even in the absence of CSIT -because the knowledge of even relatively long term channel statistics can be exploited to achieve interference alignment.
More recently, reference [10] has introduced the delayed CSIT model, that will also be the focus of this paper. The delayed CSIT model assumes i.i.d. fading channel conditions, with no knowledge of current channel state at the transmitter. However, perfect knowledge of channel states is available to the transmitter with some delay. The surprising finding of [10] , in the context of the vector broadcast (BC) channel, is that not only is CSIT helpful even when it is outdated, but also that it can have a very significant impact as it is capable of increasing the DoF. The delayed CSIT model studied in [10] is particularly relevant in practice where invariably a delay is involved in any feedback from the receivers to the transmitters. Several recent works point out that channel state information (CSI) can be estimated in principle with sufficient accuracy (estimation error scaling as O(SN R −1 )) to enable the DoF results as SNR becomes large [11] , [12] . The main obstacle, from a practical perspective, has been the perceived necessity of delivering this CSI to the transmitter before it becomes outdated. The delayed CSIT model therefore opens a practically meaningful direction to explore the benefits of interference alignment. However, it is one of many possible forms that (delayed) feedback can take in a wireless network.
The terminology for three closely related delayed feedback models is delineated below through a simple example, for ease of reference in the sequel.
Delayed Feedback Models: Consider a simple Gaussian channel:
where X, Y, N, H are the transmitted symbol, the channel output symbol, the additive noise and the i.i.d. time-varying channel, respectively. Perfect channel state information at the receiver (CSIR) is modeled by the assumption that in addition to the channel output symbol Y , the receiver also receives the instantaneous channel state H over each channel use. By delayed feedback, what is meant is that the information being made available to the transmitter through the feedback channel is based only on past observations at the receivers and, in particular, is independent of the current channel state. Three different settings may be considered. 1) Delayed CSIT: This is the setting where the feedback provides the transmitters only the values of the past channel states H but not the output signals. 2) Delayed Output Feedback: This is the setting where the feedback provides the transmitters only the past received signals Y seen by the receivers, but not the channel states explicitly. 3) Delayed Shannon Feedback: This is the setting where the feedback provides the transmitters both the past received signals Y as well as the past channel states H. The definitions extend naturally to multiuser settings, although the amount of feedback, and the possible associations between transmitters and receivers on the feedback channel may give rise to many special cases. Clearly, delayed Shannon feedback is the strongest delayed feedback setting, but between delayed CSIT and delayed output feedback, neither is a weakened form of the other because in general the output signals Y (even while discounting noise) cannot be inferred from the knowledge of channel states H (e.g., when there is more than one transmitter), and the channel states H cannot be deduced in general from the channel outputs Y even if these are noiselessly made available to the transmitter (e.g., when there are more transmit antennas than receive antennas).
In the next sections, due to lack of space, we only focus on the 3 user interference channel. Using similar ideas we can show that for 2 user X channel, we can get 8/7 and 4/3 DoF for delayed CSIT and delayed output feedback, respectively. We refer the interested reader to [13] for more details.
II. DELAYED CSIT
The interference channel with more than 2 users is one of the earliest settings where interference alignment was first introduced [14] , and as such it is natural to ask if interference alignment is possible in this setting with only delayed CSIT? In this section we will study the interference channel with 3 users. The 3 user interference channel, consists of transmitters 1,2,3, who wish to communicate independent messages W [1] , W [2] , W [3] to receivers 1,2,3 respectively. We assume that the channels vary in an i.i.d. fashion according to some continuous distribution with support that is bounded away from zero and infinity. The receivers are assumed to have perfect knowledge of all channel states. Suppose the transmitters do not know the current channel state, but they do have access to all channel states up to the previous channel use. This model is referred to as the delayed CSIT model. With full CSIT it is known that the 3 user interference channel has 3 2 DoF, which is higher than the 2 user X channel's 4 3 DoF. However, with delayed CSIT, because the transmitters are even more distributed in the 3 user interference channel, it is not clear if it will continue to have a DoF advantage over the X channel. In this paper, we will show the achievability of only 9 8 DoF for the 3 user interference channel, which is less than the 8 7 DoF that we are able to achieve for the X channel with delayed CSIT. This is interesting because it shows that delayed CSIT is beneficial even in the 3 user interference channel. It is also interesting because it raises the question -whether the 3 user IC in fact pays a greater price in DoF than the X channel for delayed CSIT. The question remains wide open because the optimality of the schemes presented here is neither established nor conjectured. We also assume that the reader is familiar with DoF analysis when working with linear beamforming schemes, and in particular the requirements for interference alignment. For these and other standard issues such as -why we ignore noise in this analysis, what are the conditions for desired signals to be recovered in the presence of interference, a literature survey of earlier works on interference alignment and DoF such as [14] is recommended.
The following theorem presents an achievability result for the DoF of the 3 user interference channel with delayed CSIT.
Theorem 1: The 3 user interference channel with delayed CSIT, can achieve 9 8 DoF almost surely. Proof: In order to show the achievability of 9 8 DoF, we will consider a 8 symbol extension of the channel. Each user will send 3 information symbols over these 8 channel uses. At each receiver, in addition to the 3 desired symbols, there are 6 interfering symbols. Since the total number of dimensions is only 8, one of the 6 interfering symbols must align within the vector space spanned by the remaining 5, to leave 3 signal dimensions free of interference where the desired signals can be projected. Since we are dealing with delayed CSIT and distributed transmitters, we will use the retrospective interference alignment scheme.
Phase I: As stated earlier, we wish that the 6 interfering symbols should span no more than 5 dimensions. Since we have no instantaneous channel knowledge, let us start by sending random linear combinations of the symbols from each transmitter. Since interference is allowed to fill up 5 dimensions, we can send 5 random linear combinations of the symbols from each transmitter over the first 5 channel uses without exceeding the quota of 5 dimensions that are allowed to be spanned by interference. This is the end of Phase I. No special effort has been made to align anything so far, and we have exhausted the number of dimensions allowed for interference at each receiver.
At this point, consider the signal seen by Receiver 1 (ignoring noise).
i are the 5 × 1 precoding vectors, Y [k] is the 5 × 1 vector of received signals so far, H [kj] is the 5 × 5 diagonal channel matrix representing the i.i.d. variations of the channel coefficient from Transmitter j to Receiver k.
Consider the interference carrying vectors V [2] i , V [3] i , i = 1, 2, 3, over the first 5 channel uses. Since these six vectors are only in a five dimensional space, we can identify the 6 × 1 null vector α [1] = [α [1] 1 , α [1] 2 , · · · , α [1] 6 ] such that:
Similarly, considering Receivers 2, and 3 respectively, we define null vectors α [2] , α [3] so that
Phase 2: Phase 2 consists of the remaining 3 channel uses. It is here that retrospective alignment will be used, based on the knowledge of the channel states from Phase I. No knowledge of channel states, not even delayed CSIT, will be used of the Phase-2 channels. Consider the n th , n = 6, 7, 8, transmission, i.e., any of the three transmissions of Phase 2. Suppose the transmitters choose to send the linear combinations:
3 (n)u [3] 3 (8) The linear precoding coefficients V i (n) can be chosen by the transmitters based on the delayed CSIT, i.e., the knowledge of the channel coefficients from Phase-I.
An important observation here is the following. In order to keep the interference contained in a 5 dimensional space at each receiver, the Phase-2 precoding coefficients must follow the same linear relationship as established in Phase-I. Mathematically, at Receiver 1:
[H [12] (n)V [2] 1 (n) H [12] (n)V [2] 2 (n) H [12] (n)V [2] 3 (n) H [13] (n)V [3] 1 (n) H [13] (n)V [3] 2 (n) H [13] (n)V [3] 3 (n)] α [1] = 0 (9) and similarly at Receivers 2, 3:
3 (n)] α [3] = 0 (11) Since the current channel states H [ ] (n) are not known to the transmitters, the only way to guarantee the above equations for all current channel realizations is to choose V 
Now consider the precoding coefficients V [1] i (n), i = 1, 2, 3 that are to be chosen by Transmitter 1. Based on equations (12) , (13) , we can express V [1] 2 (n) and V [1] 3 (n) as linear functions of V
Thus, Transmitter 1 is forced to send:
3 )) = cs [1] where c is any constant, and without loss of generality we can set it to unity. The new information variable
is precisely our Phase-2 variable, available only to Transmitter 1, and composed of variables only available to Transmitter 1. Thus, in Phase-2, even though the transmitter has three information symbols to send, it can only send scaled versions of the same effective scalar symbol s [1] in order to keep the interference aligned within 5 dimensions at each receiver. Similarly, we can define the effective variables s [2] and s [3] to be sent by transmitters 2 and 3 over Phase 2.
Since there are only 3 Phase-2 symbols, and there are 3 channel uses, the operation over Phase-2 can be simply interpreted as each transmitter repeating its own effective information symbol, so that the channel variations provide each receiver with a different linear combination of the 3 effective Phase-2 symbols each time, so that at the end of Phase-2, each receiver is able to decode all three symbols s [1] , s [2] , s [3] .
Thus, we have completely determined the resulting precoding vectors sent over the 8 symbols. Putting everything together, the transmitted symbols from e.g., Transmitter 1 are shown in (24). [1] (1) X [1] (2) X [1] (3) X [1] (4) X [1] (5) X [1] 
The first 5 channel uses correspond to Phase 1. All these precoding coefficients V [1] i (n) are chosen independently, randomly, before the beginning of communication and with no knowledge of CSIT. The last three channel uses correspond to Phase 2, and can be easily seen to be repetitions of the Phase-2 variable s [1] . The transmitted symbols for all other transmitters can be described similarly. Interference alignment is accomplished because this choice of precoding vectors satisfies equations (12)-(17).
Keeping the interference aligned within 5 dimensions at each receiver, allows the receiver to null out the 5 interference dimensions and recover the 3 desired symbols from the remaining 3 dimensions from the overall 8 dimensional vector space. Once again, while the construction above guarantees that interference is restricted within 5 dimensions, one must also show that the desired signal vectors are not aligned within the interference or aligned among themselves. This is proven as before, by constructing the 8 × 8 matrix consisting of 3 desired signal vectors and 5 interference vectors that span the interference space received at each receiver, and showing that the determinant of this matrix, which is equivalent to a polynomial in Phase 1 variables, is not identically a zero polynomial. While we have established this through numerical evaluations, the details of an explicit numerical example are omitted here (because almost all examples work).
III. DELAYED OUTPUT FEEDBACK
So far we assumed that the only feedback available to the transmitters consists of delayed CSIT. Another commonly studied model for feedback is channel output feedback (without explicitly providing the CSI). In this section we study the 3 user interference channel with delayed output feedback, i.e., the channel output is available to the transmitters only after the channel state associated with the observed output is no longer current. While delayed CSIT created difficulties because of the transmitters' inability to reconstruct the previously received linear combinations of undesired received symbols because of the distributed nature of the information, delayed output feedback automatically provides the transmitters with information that has been previously observed at one of the receivers. Retransmitting this information provides the transmitters an opportunity to provide new observations to the receivers who desire this information, while allowing the receivers who have already observed this interference to cancel it entirely. In this sense, delayed output feedback allows a direct extension of the alignment techniques explored in [10] . The following theorem presents an achievability result for the 3 user interference channel.
Theorem 2: The 3 user interference channel with delayed output feedback available from each receiver to only its corresponding transmitter can achieve 6 5 DoF almost surely. Remark: While it is remarkable that the achievability results presented in this work for both the 3 user interference channel and the X channel under delayed output feedback correspond to higher DoF than with delayed CSIT, it should be noted that these are only achievability results and in the absence of outer bounds it is not possible to make categorical comparisons between the two settings.
Proof:
In order to achieve 6 5 DoF we will operate over a 5 channeluse block. Each user will communicate two coded information symbols over these 5 channel uses using linear schemes that can be simply seen as swapping output symbols to help resolve desired signals [10] . A summary of the transmission scheme is described below. 1) Over the first time slot, Transmitter 1 sends its first information symbol u [1] 1 and Transmitter 2 simultaneously sends its first information symbol u [2] 1 . Ignoring noise, the received signals are described below:
Receiver 1: Y [1] (1) = H [11] (1)u [1] 1 + H [12] (1)u [2] 1 (25) Receiver 2: Y [2] (1) = H [21] (1)u [1] 1 + H [22] (1)u [2] 1 (26) Receiver 3: Y [3] (1) = H [31] (1)u [1] 1 + H [32] (1)u [2] 1 (27) 2) Over the second time slot, Transmitter 1 sends its second information symbol u [1] 2 and Transmitter 3 simultaneously sends its first information symbol u [3] 1 . Ignoring noise, the received signals are described below:
Receiver 1: Y [1] (2) = H [11] (2)u [1] 1 + H [13] (2)u [3] 1 (28) Receiver 2: Y [2] (2) = H [21] (2)u [1] 1 + H [23] (2)u [3] 1 (29) Receiver 3: Y [3] (2) = H [31] (2)u [1] 1 + H [33] (2)u 3) Over the third time slot, Transmitter 2 sends its second information symbol u [2] 2 and Transmitter 3 simultaneously sends its second information symbol u [3] 2 . Ignoring noise, the received signals are described below:
Receiver 1: Y [1] (3) = H [11] (3)u [2] 2 + H [12] (3)u [3] 2 (31) Receiver 2: Y [2] (3) = H [21] (3)u [2] 2 + H [22] (3)u [3] 2 (32) Receiver 3: Y [3] (3) = H [31] (3)u [2] 2 + H [32] (3)u [3] 2 (33) 4) Over the fourth time slot, Transmitter 3 retransmits Y [3] (1) and Transmitter 2 retransmits Y [2] (2). 5) Over the fifth time slot, Y [3] (1) and Y [1] (3) are retransmitted from Transmitters 3 and 1 respectively. Next we explain how every receiver has enough information to recover its two desired symbols.
Receiver 1: Consider Receiver 1. From the linear combination of Y [3] (1) and Y [1] (3) received over the fifth symbol, this receiver is able to remove Y [1] (3) which it has previously received, to obtain Y [3] (1). Combining Y [1] (1) and Y [3] (1) the receiver has enough information to resolve the first received symbol u [1] 1 . Further, from the linear combination of Y [3] (1), Y [2] (2) received over the fourth symbol, the receiver removes Y [3] (1) to obtain a clean Y [2] (2). Combining Y [2] (2) with Y [1] (2), the receiver is able to resolve the second desired symbol u [1] 2 . Receiver 2: Consider Receiver 2. From the linear combination of Y [3] (1), Y [2] (2) received over the fourth symbol, this receiver is able to remove Y [2] (2) which it has previously received, to obtain Y [3] (1). Combining Y [2] (1) and Y [3] (1) the receiver has enough information to resolve the first desired symbol u [2] 1 . Further, from the linear combination of Y [3] (1) and Y [1] (3) received over the fifth channel use, the receiver removes Y [3] (1) to obtain a clean Y [1] (3). Combining Y [1] (3) with Y [2] (3), the receiver is able to resolve the second desired symbol u [2] 2 . Receiver 3: Consider Receiver 3. From the linear combination of Y [3] (1) and Y [2] (2) received over the fourth symbol, this receiver is able to remove Y [3] (1) which it has previously received, to obtain Y [2] (2). Combining Y [2] (2) and Y [3] (2) the receiver has enough information to resolve the first received symbol u [3] 1 . Further, from the linear combination of Y [1] (3), Y [3] (1) received over the fifth symbol, the receiver removes Y [3] (1) to obtain a clean Y [1] (3). Combining Y [1] (3) with Y [3] (3), the receiver is able to resolve the second desired symbol u [3] 2 . Thus, all symbols are resolved and 6 5 DoF are achieved on the 3 user interference channel.
IV. CONCLUSION
A retrospective interference alignment scheme is presented for the 3 user interference channel and the 2 user X channel. While the scheme operates in two phases, and with two layers of variables as the scheme proposed in [10] , the novelty of retrospective alignment appears in the construction of auxiliary (layer -2 in the terminology of [10] ) variables that aid in the alignment of the previously transmitted information symbols based on only the information symbols available to each transmitter. This scheme was used to prove the achievability of 9/8 DoF for the 3 user interference channel and 8/7 for 2 user X channel with delayed CSIT. The delayed CSIT setting appears to be sensitive to whether the transmitters are co-located or distributed, unlike previous results where both for compound channels and suitably staggered block fading models the two were found to be equivalent from a DoF perspective. While the 2 user MISO BC with delayed CSIT easily achieves the outer bound of 4 3 , it is not known if the same DoF can be achieved on the X channel, i.e., without cooperation between transmitters. We were able to show that delayed CSIT is still useful in the X channel from a DoF perspective. We also found that the 3 user interference channel and the X channel can achieve 6/5 and 4/3 DoF respectively when delayed output feedback is available to the transmitters. It is remarkable that with perfect and instantaneous CSIT, output feedback does not increase DoF for interference channels or X networks [15] .
